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LOWER BOUNDS ON THE MODIFIED K-ENERGY AND
COMPLEX DEFORMATIONS
ANDREW CLARKE AND CARL TIPLER
Abstract. Let (X,L) be a polarized Ka¨hler manifold that admits an extremal
metric in c1(L). We show that on a nearby polarized deformation (X′, L′)
that preserves the symmetry induced by the extremal vector field of (X,L),
the modified K-energy is bounded from below. This generalizes a result of
Chen, Sze´kelyhidi and Tosatti ([8, 37, 40]) to extremal metrics. Our proof also
extends a convexity inequality on the space of Ka¨hler potentials due to X.X.
Chen [7] to the extremal metric setup. As an application, we compute explicit
polarized 4-points blow-ups of CP1 × CP1 that carry no extremal metric but
with modified K-energy bounded from below.
1. Introduction
Let (X,L) be a polarized Ka¨hler manifold. The Yau-Tian-Donaldson conjecture
relates the existence of a constant scalar curvature Ka¨hler metric (CSCK metric)
with Ka¨hler class c1(L) to the GIT stability of the pair (X,L), (see [41, 39, 13]).
This conjecture is motivated by the “standard picture” [11], and in this framework
the CSCK metrics are the critical points of the Mabuchi functional, or K-energy,
introduced by Mabuchi [27]. Donaldson has shown that if Aut(X,L) is discrete,
then a CSCK metric in c1(L) is the limit of balanced metrics, which implies the
uniqueness of the CSCK metric in its Ka¨hler class [12], and the minimization of the
Mabuchi functional [14] by this metric. Chen [7], and later Chen and Sun [9] gave
new proofs of the minimization property with no assumption on the automorphism
group. An even simpler proof is due to Li [25].
Constant scalar curvature Ka¨hler metrics give examples of the extremal metrics
of Calabi [4]. An extremal metric is a critical point of the functional that assigns
to each Ka¨hler metric in the Ka¨hler class the square of the L2 norm of its scalar
curvature, with respect to the volume form that also comes from the metric. An
important property of extremal metrics is that the connected component of the
identity of the isometry group is a maximal compact connected subgroup of the re-
duced automorphism group of the manifold [5]. Studying extremal metrics requires
us to work modulo such a maximal compact connected group Gm ⊂ Aut(X,L).
For example, Szeke´lyhidi [36] gave a relative version of the above conjecture for ex-
tremal metrics. Extremal metrics can also be seen to be critical points for a modified
K-energy EG
m
, as introduced in [20, 33, 10]. The uniqueness result of Donaldson
using quantization has been generalized to extremal metrics by Mabuchi [28]. In
[34], it is shown, also by quantization, that in the polarized case extremal metrics
are minima of the modified K-energy. Chen and Tian show with no polarization
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assumption that extremal metrics are unique in a Ka¨hler class up to automorphisms
and minimize the modified K-energy [10].
The aim of this paper is to study the lower boundedness property of the mod-
ified K-energy under complex deformation (see Definition 4.1). Let (X,L) be an
extremal polarized Ka¨hler manifold, i.e. assume that X carries an extremal Ka¨hler
metric in the class c1(L). Then the existence of an extremal Ka¨hler metric on a
nearby (X ′, L′) is subject to a finite dimensional stability condition, see [37], [3] or
[31]. However, in the constant scalar curvature case, it follows from theorems of
Sze´kelyhidi and Chen [36, 8] that the K-energy remains bounded on nearby defor-
mations. A simplified proof of the theorem of Chen was given by Tosatti [40]. In
the polarized case, by a theorem of Futaki and Mabuchi [18], an extremal metric
admits an S1-action by isometries induced by the extremal vector field. If one wants
to smoothly deform an extremal metric along a complex deformation, a necessary
condition is to deform the action corresponding to the extremal vector field along
the fibers of the deformation. Our main result states that this condition is enough
to ensure the lower boundedness of the modified K-energy on complex deformations
of extremal polarized manifolds.
To state our main theorem, we need to introduce some notation and terminology.
For a polarized complex deformation L → X pi→ B of some complex manifold X =
Xt0 = pi
−1(t0) for t0, t ∈ B, we denote by Jt the almost-complex structure of the
complex manifoldXt and we denote by V
Gmt
t the extremal vector field of (Xt, c1(Lt))
with respect to a maximal compact connected subgroup Gmt ⊂ Aut(Xt, Lt). Given
a group G, we will say that the polarized complex deformation is G-invariant if G
acts on the triple (B,X,L), its action commutes with the maps L → X → B and
is trivial on B. That is, it induces a G-action on each fiber of the deformation.
If moreover G is a Lie group, we will identify its Lie algebra with vector fields on
each fiber of the deformation using the infinitesimal action. Note however that this
identification depends a priori on the fiber. We can state our main result :
Theorem A. Let (X,L) = (Xt0 , Lt0) be a polarized extremal Ka¨hler manifold and
Gmt0 be a maximal compact connected subgroup of Aut(Xt0 , Lt0). Let L → X → B
be a polarized G-invariant deformation of (Xt0 , Lt0) with G a compact connected
subgroup of Gmt0 . Assume :
(1) Lie(G) contains Jt0V
Gmt0
t0
(2) for some t sufficiently close to t0 in B, Lie(G) contains JtV
Gmt
t , with G
m
t a
maximal compact connected subgroup of Aut(Xt, Lt) such that G ⊂ Gmt ⊂
Aut(Xt, Lt).
Then the modified K-energy EG
m
t of (Xt, Lt) is bounded from below.
This generalizes the result of Sze´kelyhidi, Chen and Tosatti for constant scalar
curvature metrics to the extremal case.
Remark B. Note that hypothesis (2) of Theorem A is trivially satisfied if G is a
maximal compact connected subgroup of Aut(Xt, Lt).
Remark C. If we assume that the deformation preserves a maximal compact sub-
group of Aut(X,L), then the nearby fibers are automatically extremal, see [1] or [30].
However if the deformation preserves a strictly smaller group with the hypothesis
of Theorem A, then a nearby fiber to (Xt0 , Lt0) must satisfy a stability condition to
admit an extremal metric, see [37], [3] and [31]. Nevertheless, by Theorem A, the
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modified K-energy is bounded from below, even if the deformed manifold does not
carry an extremal metric. In Section 6, we compute explicit examples of polarized
4-points blow-ups of CP1 × CP1 that carry no extremal metrics, but with modified
K-energy bounded from below.
The proof of Theorem A follows the general lines of Tosatti’s proof in the CSCK
case. However some important technical points need to be generalized to the ex-
tremal setting. As these results are of independent interest, we state them below.
Let (X,L) be a polarized extremal Ka¨hler manifold and Gm be a maximal compact
connected subgroup of Aut(X,L). Let L → X pi→ B be a polarized G-invariant
deformation of (X,L) = (Xt0 , Lt0) with G a compact connected subgroup of G
m.
Here we write Xt0 = pi
−1(t0) and Lt0 = L|Xt0 , for t0 ∈ B. First, under the hy-
potheses of Theorem A, we can build a special test configuration to simplify the
problem (see Definition 4.2). We extract from [31] the following result, which is
due to Sze´kelyhidi in the CSCK case [37]:
Proposition D. In the above situation, assume that hypothesis (1) of Theorem
A is satisfied. Then, for any t ∈ B sufficiently close to t0 there is a smooth test
configuration LT → XT → C with generic fibre (Xt, Lt) satisfying :
(1) the central fiber of the test configuration is a polarized extremal Ka¨hler
manifold (X0,L0),
(2) the test configuration is G-invariant,
(3) J0V
Gm0
0 is contained in Lie(G) where G
m
0 is a maximal compact connected
subgroup of Aut(X0,L0) containing G.
To control the Mabuchi energy, we show a convexity inequality on the space of
Ka¨hler potentials. Let H be the space of Ka¨hler potentials of the class c1(L) with
respect to a fixed G-invariant metric ω ∈ c1(L):
H = {φ ∈ C∞(X)|ωφ := ω +
√−1∂∂φ > 0}.
Denote HG the space of invariant potentials under the G-action. Then the Calabi
functional and Mabuchi functional admit G-invariant relative versions CaG and EG
on HG (see Section 2.2). Then the following is a generalization of Chen’s inequality
[7]:
Proposition E. For any φ0, φ1 in H
G, we have
EG(φ1)− EG(φ0) ≤ d(φ0, φ1) ·
√
CaG(φ1).
Note that in [7], Chen makes no polarization assumption, while our method to
obtain this inequality is by quantization, following Chen and Sun [9]. Together
with Proposition D, Proposition E enables us to prove Theorem A.
1.1. Plan of the paper. We start with definitions of extremal metrics, modified
K-energy and relative Futaki invariant in Section 2. Section 3 is devoted to the
proof of Proposition E using quantization. The proof of Proposition D is done in
Section 4. We shall mention that Section 3 and Section 4 are independent. Lastly,
we prove Theorem A in section 5 and study an application in Section 6.
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2. Extremal metrics
We define extremal metrics in this section, and collect some standard facts about
the modified Mabuchi functional and the relative Futaki invariant that will be used
in the paper.
2.1. Definition. Let (X,L) be a polarized Ka¨hler manifold of complex dimension
n. Let H be the space of smooth Ka¨hler potentials with respect to a fixed Ka¨hler
form ω ∈ c1(L) :
H = {φ ∈ C∞(X)|ωφ := ω +
√−1∂∂φ > 0}
In order to find a canonical representative of a Ka¨hler class, Calabi [4] suggested
considering the functional
Ca : H → R
φ 7→
∫
X
(S(φ)− S)2dµφ
where S(φ) is the scalar curvature of the metric gφ associated to the Ka¨hler form
ωφ,
S = 2npi
c1(L) ∪ [ω]n−1
[ω]n
is the average of the scalar curvature, an invariant of the Ka¨hler class, and dµφ =
ωnφ
n!
the volume form of gφ. The Hessian of Ca at a critical point is positive, and the
local minima are called extremal metrics. The associated Euler-Lagrange equation is
equivalent to the fact that gradωφ(S(φ)) is a holomorphic vector field. In particular,
constant scalar curvature Ka¨hler metrics, CSCK for short, are extremal metrics.
By a result of Calabi [5], the connected component of the identity of the isometry
group of an extremal metric is a maximal compact connected subgroup of the
reduced automorphism group Aut0(X). Note that the latter group is isomorphic
to the connected component of identity of Aut(X,L).This is the motivation for
working modulo a maximal compact subgroup of Aut(X,L) when dealing with
extremal metrics. However complex deformations do not in general preserve such
symmetries, so we will instead work modulo any connected compact subgroup of
Aut(X,L) and define the relevant functionals in this case. Let G be a compact
connected subgroup of Aut(X,L). We assume now that ω is G-invariant and denote
HG the space of G-invariant potentials.
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2.2. Modified K-energy. For a fixed G-invariant Ka¨hler metric gφ, we say that
a vector field V is a hamiltonian vector field if there is a real valued function f such
that
V = J∇gφf.
If in addition V is Killing, we say that the function f is a Killing potential. Let
g be the Lie algebra of G. For any φ ∈ HG, let PGφ be the space of normalized
(i.e. of mean value zero) Killing potentials with respect to gφ whose corresponding
hamiltonian vector field lies in g and let ΠGφ be the orthogonal projection from
L2(X,R) to PGφ given by the inner product on functions
(f, g) 7→
∫
fgdµφ.
Note that G-invariant metrics satisfying S(φ)− S −ΠGφ S(φ) = 0 are extremal.
Definition 2.3.[19, Section 4.13] The reduced scalar curvature SG with respect to
G is defined by
SG(φ) = S(φ) − S −ΠGφ S(φ).
The extremal vector field V G with respect to G is defined by the equation
V G = ∇g(ΠGφ S(φ))
for any φ in HG and does not depend on φ (see for example [19, Proposition
4.13.1]).
Remark 2.4. Note that by definition the extremal vector field relative to G is real-
holomorphic and lies in Jg where J is the almost-complex structure of X , while
JV G lies in g.
Remark 2.5. When G = {1} we recover the normalized scalar curvature. When
G is a maximal compact connected subgroup, or maximal torus of Aut0(X), we
find the reduced scalar curvature and the extremal vector field initially defined by
Futaki and Mabuchi [18]. The extremal vector field only depends on the Ka¨hler
class and the choice of the maximal compact connected subgroup of Aut(X,L).
The relative Mabuchi K-energy was introduced by Guan [20], Chen and Tian
[10], and Simanca [33]:
Definition 2.6.[19, Section 4.13] The modified K-energy or modified Mabuchi en-
ergy (relative to G) EG is defined, up to a constant, as the primitive of the following
one-form on HG:
φ 7→ −SG(φ)dµφ.
If φ ∈ HG, then the modified K-energy relative to G admits the following expression
EG(φ) = −
∫
X
φ(
∫ 1
0
SG(tφ)dµtφdt).
As for CSCK metrics, G-invariant extremal metrics whose extremal vector field lies
in Jg are critical points of the modify K-energy EG.
An important point that we will use several times in the sequel is the following
remark:
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Remark 2.7. The modified K-energy EG
m
is defined to be the modified K-energy
with respect to a maximal compact connected subgroup Gm of Aut(X,L). Let
Gm be such a maximal compact connected group, and let G be a compact con-
nected subgroup of Gm. Assume that Lie(G) contains the extremal vector field of
(X, c1(L)) with respect to G
m. Then EG
m
is equal to EG when restricted to the
space of Gm-invariant potentials. Indeed, the projection of any Gm-invariant scalar
curvature to the space of Killing potentials of Lie(Gm) gives a potential for the
extremal vector field by definition. Thus a minimiser of EG that is invariant under
the Gm-action, such as an extremal metric, will be a minimum of the standard
modified Mabuchi Energy.
The Calabi energy can also be generalized :
Definition 2.8. The modified Calabi functional CaG with respect to G is defined
on HG by
CaG(φ) =
∫
X
(SG(φ))2dµφ.
2.9. Relative Futaki invariant. Let h0 be the Lie algebra of Aut(X,L). We want
to work modulo the G-action, so let hG be the Lie algebra of the normalizer of G
in Aut(X,L). Introduced by Futaki as an obstruction to the existence of Ka¨hler-
Einstein metric [16], the Futaki character has been generalized to any Ka¨hler class
and admits a relative version. It is well known that for any Ka¨hler metric gφ
representing the Ka¨hler class c1(L), each element V of h0 can be uniquely written
V = ∇gφ(fVφ ) + J∇gφ(hVφ )
where fVφ and h
V
φ are real valued functions on X , normalized to have mean value
zero (see e.g. [19, Lemma 2.1.1]). We will call fVφ the real potential of V with
respect to gφ.
Definition 2.10.[19, Defn. 7] The Futaki character relative to G, denoted FG, is
defined by :
FG : hG/g → R
V 7→
∫
X
fVφ S
G(φ)dνφ
with φ ∈ HG.
We sum-up some properties of this invariant that we shall need in the sequel of
this paper. The proof of these facts are due to Futaki (see e.g. [17]), and a proof
of their relative versions can be found in [19].
Proposition 2.11. The Futaki invariant relative to G does not depend on the
choice of the Ka¨hler metric gφ for φ ∈ HG and is well defined. If there is an
extremal metric on X in the Ka¨hler class c1(L) whose extremal vector field lies in
Jg, then FG is identically zero.
3. A convexity inequality on HG via quantization
The aim of this section is the proof of Proposition E.
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3.1. Quantization: the space of potentials. For each k, we can consider the
space Hk of hermitian metrics on L
⊗k with positive curvature. To each element
h ∈ Hk one associates a metric ωh = −
√−1∂∂log(h) on X , thereby identifying
the spaces Hk and H. Fixing a base metric h0 in H1 such that ω = ωh0 the
correspondence reads
ωφ = ωe−φh0 = ω +
√−1∂∂φ.
We denote by Bk the space of positive definite Hermitian forms onH
0(X,L⊗k). The
spaces Bk are identified with GLNk(C)/U(Nk), using the base metric h
k
0 and where
Nk is the dimension of H
0(X,Lk). These symmetric spaces come with metrics dk
defined by Riemannian metrics:
(H1, H2)h = Tr(H1H
−1 ·H2H−1).
There are maps :
Hilbk : H → Bk
FSk : Bk → H
defined by :
∀h ∈ H , s ∈ H0(X,L⊗k) , ||s||2Hilbk(h) =
∫
X
|s|2hdµh
and
∀H ∈ Bk , FSk(H) = 1
k
log
∑
α
|sα|2hk
0
where {sα} is an orthonormal basis of H0(X,L⊗k) with respect to H . Note that
ωFSk(H) is the pull-back of the Fubini-Study metric on P(H
0(X,Lk)∗) that is in-
duced by the inner product H on H0(X,Lk). A result of Tian [38] states that any
Ka¨hler metric ωφ in c1(L) can be approximated by projective metrics, namely
lim
k→∞
1
k
FSk ◦Hilbk(φ) = φ
where the convergence is uniform on C2(X,R) bounded subsets of H. Let G be a
compact connected subgroup of Aut(X,L). We can assume that Aut(X,L) acts on
L, considering a sufficiently large tensor power if necessary (see e.g. [22]). Then
the G-action on X induces a G-action on the space of sections H0(X,Lk). This
action in turn provides a G-action on the space Bk of positive definite hermitian
forms on H0(X,Lk) and we define BGk to be the subspace of G-invariant elements.
Note that the spaces BGk are totally geodesic in Bk for the distances dk. There are
the induced maps :
Hilbk : H
G → BGk
FSk : B
G
k → HG.
By a result of Chen and Sun [9], the metric spaces (Bk, dk) converge to (H, d) where
d is the Weyl-Petersson metric given by
(δφ1, δφ2)φ =
∫
X
δφ1δφ2dµφ.
Consider the induced Weyl-Petersson metric on HG and the associated distance
function dHG . The space H
G is a totally geodesic subspace of H for the distance
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d as a the set of fixed points by an isometry group. Thus the following results is a
direct consequence of the work of Chen and Sun [9] :
Theorem 3.2. [9, Thm. 1.1] Given any φ0, φ1 in H
G, we have
lim
k→∞
k−
n+2
2 dk(Hilbk(φ0), Hilbk(φ1)) = dHG(φ0, φ1).
3.3. Quantization of extremal metrics. In order to find a finite dimensional
approximation of extremal metrics, Sano introduced the σ-balanced metrics (see
[34] for a first application of these metrics):
Definition 3.4. Let σk(t) be a one-parameter subgroup of Aut(X,L
k). A metric
ωφ is called a σk-balanced metric if
ωkFSk◦Hilbk(φ) = σk(1)
∗ωkφ
Conjecturally, the σ-balanced metrics would approximate an extremal Ka¨h-
ler metric and generalize Donaldson’s results [12] and Mabuchi’s work [28]. In-
deed, in one direction, assume that we are given σk-balanced metrics ωφk , with
σk(t) ∈ Aut(X,Lk) such that the ωk converge to ω∞. Suppose that the vector
fields k d
dt
|t=0σk(t) converge to a vector field V∞ ∈ h0. Then a simple calculation
implies that ω∞ must be extremal. Let σ be a one parameter subgroup of Aut(X,L)
generated by a vector field V and consider the normalized vector fields Vk = − V4k
and the associated one-parameter groups σk. Define for each φ ∈ H the functions
ψσk,φ by
σk(1)
∗ωφ = ωφ +
√−1∂∂ψσk,φ.
normalized by
∀k
∫
X
exp (ψσk,φ) dµφ =
Nk
kn
.
Define Ik = log ◦ det on Bk. This functional is defined up to an additive constant
when we see Bk as a space of positive Hermitian matrix once a suitable basis of
H0(X,Lk) is fixed. Then we define for each k
δIσk (φ)(δφ) =
∫
X
kδφ(1 +
∆φ
k
)eψσk,φkndµφ
where ∆φ = −gijφ ∂∂zi ∂∂zj is the complex Laplacian of gφ.
Remark 3.5. This one-form integrates along paths in H to a functional Iσk (φ) on
H, which is independent on the path used from 0 to φ [34].
Then we define Zσk on Bk by
Zσk = I
σ
k ◦ FSk + Ik − kn log(kn)V.
Remark 3.6. The definition of the functionals Iσk and Z
σ
k is motivated by Donals-
don’s work in the CSCK case [14].
Let Gm be a maximal compact subgroup of Aut(X,L). Let G be a compact con-
nected subgroup of Gm such that JV Gm is contained in its Lie algebra. By a
theorem of Futaki and Mabuchi [18], the vector field JV G
m
generates a periodic
action by a one parameter-subgroup of automorphisms of (X,L). We fix σ(t) to
be this one-parameter group. In that case, the functionals Zσk approximate the
modified Mabuchi functional [34]. We will use the following results :
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Proposition 3.7. [34] The functional Zσk is convex along geodesics in B
G
k .
There are constants ck such that
2
kn
Zσk ◦Hilbk + ck → EG
as k→∞, where the convergence is uniform on Cl(X,R) bounded subsets of HG.
Remark 3.8. The choice of the group G is more general here than in [34] where
the computations are done modulo the one-parameter group generated by σ(t). Let
Ge denote this group. Then the proof of Proposition 3.7 only uses the choice of σ(t)
in the definition of Zσk and the fact that all the considered tensors are Ge-invariant.
Using that in our situation EG = EGe by Remark 2.7, the results from [34] extend
here.
Remark 3.9. There is no reason for Vk =
d
dt
|t=0σk(t) to be the right quantization
of the extremal vector field. The choice of the one-parameter subgroups σk made in
the above proposition is certainly not the appropriate one if we want to show that
σ-balanced metrics approximate extremal metrics. However it will be sufficient for
our purposes.
3.10. Proof of proposition E. As in the previous section, G denotes a compact
connected subgroup of Aut(X,L) contained in some maximal compact group Gm ⊂
Aut(X,L) and containing in its Lie algebra the extremal vector field JV G
m
. The
one parameter subgroups generated by the vector fields −V G
m
4k are denoted σk(t).
The following inequality is a generalization of a result of Chen [7]:
Proposition 3.11. For any φ0, φ1 in H
G,
EG(φ1)− EG(φ0) ≤ d(φ0, φ1) ·
√
CaG(φ1)
where EG is the modified K-energy and CaG the modified Calabi energy.
The following result will be useful :
Theorem 3.12 ([6, 32, 38, 42]). Let
ρk(φ) =
∑
α
|sα|2hk
be the Bergman function of φ ∈ H, where h = e−φh0. The following uniform
expansion holds
ρk(φ) = k
n +A1(φ)k
n−1 +A2(φ)k
n−2 + ...
with A1(φ) =
1
2S(φ) and for any l and R ∈ N, there is a constant Cl,R such that
||ρk(φ) −
∑
j≤R
Ajk
n−j ||Cl ≤ Cl,Rkn−R.
We will also use the two following lemmas :
Lemma 3.13. [34] Let ψk(φ) = ψσk,φ. The following expansion holds uniformly in
Cl(X,R) for l≫ 1:
ψk(φ) =
ΠGφ S(φ) + S
2k
+ O(k−1).
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Lemma 3.14. Let φ ∈ HG, and let Hk = Hilbk(φ). Then
(1) lim
k→∞
k−n+2||∇Zσk (Hk)||2 =
1
4
CaG(φ)
Remark 3.15. The proof of Lemma 3.13 is the same as the one in [34]. Again, we
use Remark 2.7 which implies that for G-invariant potentials φ, ΠGφ S(φ) = Π
Ge
φ S(φ)
where Ge is the group generated by JV
Gm .
Proof of Proposition 3.11. We follow the proof of Chen and Sun [9] where G = {1}.
By Proposition 3.7, the functional Zσk is convex along the geodesic in B
G
k joining
H0k = Hilbk(φ0) to H
1
k = Hilbk(φ1), thus
Zσk (H
1
k )− Zσk (H0k) ≤ dBk(H0k , H1k) · ||∇Zσk (H1k )||.
Then again by Proposition 3.7,
lim
k→∞
k−n(Zσk (H
1
k)− Zσk (H0k)) =
1
2
(EG(φ1)− EG(φ0)),
and by Lemma 3.14
lim
k→∞
k−n+2||∇Zσk (H1k)||2 =
1
4
CaG(φ1).
Then the proof follows from the Theorem 3.2, when k goes to infinity. 
We conclude this section with the proof of Lemma 3.14.
Proof of Lemma 3.14. Let φk = FSk(Hk). To compute the left hand side of Equa-
tion (1), let’s first compute its differential
δ(Zσk )H(δH) = δI
σ
k ◦ FSk(δH) + δIk(δH)
= kn
∫
X
(k +∆FSk(H))e
ψ(FSk(H))(δFSk(δH))dµFSk(H) + trace(δH)
where {si} is an orthonormal basis of H . As
δFSk(δH) = − 1
k
∑
i,j
δHi,j · (si, sj)FSk(H)
We obtain
(∇Zσk )i,j(H) = −kn
∫
X
(1 +
∆FSk(H)
k
)eψ(FSk(H))(si, sj)FSk(H)dµFSk(H) + εi,j
with εi,j = 1 if i = j and 0 in the other cases. With no restriction we can assume
[∇Zσk ] to be diagonal. Then evaluate at Hk:
(2) (∇Zσk )i,i(Hk) = −kn
∫
X
(1 +
∆φk
k
)eψ(φk)|si|2φkdµφk + 1
From the expansion of Bergman kernel in Theorem 3.12 we deduce
(3) |si|2φk = k−n|si|2φ(1−
S(φ)
2k
+ O(k−2))
and
(4) ωφk = ωφ(1 + O(k
−2)).
From Lemma 3.13 we also have the uniform expansion :
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(5) ψk(φ) =
ΠGφ S(φ) + S
2k
+ O(k−1)
Then, Equations (3), (4) and (5) together with (2) imply
(∇Zσk )i,i(Hk) = 1−
∫
X
|si|2φdµφ +
1
2k
∫
X
SG(φ)|si|2φdµφ + O(k−1).
As ∫
X
|si|2φdµφ = 1
we end with
(∇Zσk )i,i(Hk) =
1
2k
∫
X
SG(φ)|si|2φdµφ + O(k−1).
Then the proof follows from the following fact (see [9, Rmk. 3.3]) :
lim
k→∞
k−n
∑
i,j
|
∫
X
(si, sj)φψdµφ|2 =
∫
X
ψ2dµφ
for any ψ ∈ HG. 
4. Invariant Deformations
In this section we give the requisite definitions and terminology necessary to
prove Theorem A. In particular we will discuss deformations of polarized complex
manifolds that are invariant under a compact group action. We will consider M
to denote a smooth real manifold, and X to denote the complex manifold (M,J)
when M is equipped with an integrable complex structure J . We also assume that
the Ka¨hler structure comes from a polarization L→ X .
Definition 4.1. Let (X,L) be a polarized complex manifold. A polarized deforma-
tion of (X,L) is a triple of complex manifolds (B,X,L), with a fixed point t0 ∈ B,
together with holomorphic maps L→ X pi→ B such that
• pi : X→ B is a proper submersion,
• L is a holomophic line bundle over X so that the restriction Lt to the fibre
Xt = pi
−1(t) is ample,
• (X,L) is isomorphic to (Xt0 , Lt0).
Given a compact Lie group G, the deformation is G-invariant if L and X are acted
upon by G, compatibly with the projection L→ X and inducing the identity action
on B.
We will also consider test-configurations:
Definition 4.2. Let (X,L) be a polarized complex manifold. A smooth test-
configuration for (X,L) is given by the following data :
• a proper holomorphic submersion XT pi→ C and a line bundle LT → XT
that restricts to an ample bundle Lz on each fibre Xz = pi
−1(z),
• for each z 6= 0 ∈ C, the pair (Xz,Lz) is isomorphic to (X,L),
• the group C∗ acts on the pair (XT ,LT ) so as to induce the C∗-action by
multiplication on C.
12 A. CLARKE AND C. TIPLER
Given a compact Lie group G, we will say that the test configuration is G-invariant
if it is a G-invariant deformation of its central fiber and the G-action commutes
with the C∗-action.
As in previous sections, if Gm is a maximal connected compact subgroup of
reduced automorphisms of the polarized variety (X,L), we denote by V G
m
the
extremal vector field on X , for the Ka¨hler class c1(L) and the group G
m. If Xt
is a fibre of a deformation, for t ∈ B, we denote a maximal compact connected
subgroup of Aut(Xt, Lt) by G
m
t .
We wish to prove, following Sze´kelyhidi [37] and Rollin and the second author
[31], that if (X,L) admits an extremal metric in c1(L), then any nearby fibre in a
invariant deformation of (X,L) can be taken to be the generic fibre of an invariant
test configuration, the central fibre of which is also extremal.
Let (B,X,L) be a polarized deformation of the smooth polarized variety (X,L).
The fibration X→ B is smoothly trivial so there exists a diffeomorphism (perhaps
for smaller B),
F :M ×B→ X
with respect to which the deformations can be considered a family (M,Jt) for t ∈ B.
Also, the group action of G on X can be considered a map, for t ∈ B,
σt : G×M →M.
By a theorem of Palais and Stewart (see [29]) on the rigidity of compact group
actions, there exists a smooth family of diffeomorphisms ft such that
ft(σt(g, f
−1
t (x))) = σ0(g, x).
That is, we can amend F so that the action of G on X can be considered an action
on M that is independent of t. By also adjusting the complex structures Jt by
a diffeomorphism, we can suppose that the action is holomophic with respect to
each complex structure Jt. We can also suppose that Lt is a complex line bundle
on M with c1(Lt) = c1(L0) fixed. Jt is a G-invariant complex structure on M ,
compatible with Ka¨hler form ωt ∈ c1(Lt). By Moser’s theorem, ωt is equivalent,
by some G-invariant diffeomorphism, to ω0. We can then suppose that all complex
structures Jt are compatible with a fixed symplectic form ω on M .
The deformation can then be considered a smooth map from B to the set JG
of G-invariant almost-complex structures on M that are compatible with the fixed
symplectic form ω.
We first recall that the hermitian scalar curvature S(J) of the metric g = (ω, J),
for J ∈ JG, is given by the trace with respect to ω of the curvature of the Chern
connection on the anti-canonical bundle K∗X . We suppose that G acts by hamil-
tonian diffeomorphisms of (M,ω). The reduced scalar curvature of the hermitian
metric g = (ω, J), with respect to the group G, is given by
SG(J) = S(J)−ΠGω (S(J))
where we recall the projection ΠGω on the space of hamiltonian killing fields is defined
in Section 2.2.
Let H be the group of hamiltonian diffeomorphisms of (M,ω), let Z(G,H) be
the centraliser of G in H and let G = Z(G,H)/(Z(G,H) ∩ G) be the quotient by
the centre of G. The set JG admits the structure of an infinite dimensional Ka¨hler
manifold [15] and G acts on JG by automorphisms of this structure.We denote by
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Ω the Ka¨hler form on JG. By considering hamiltonian potentials, the Lie algebra
of G can be identified with those smooth G-invariant functions of ω-mean equal to
0, that are L2-orthogonal to PGω . This can be identified by L
2-inner product with
its dual space.
Theorem 4.3. [15, 11, 19] The action of G on JG is hamiltonian, and admits a
G-equivariant moment map given by
µG : JG → C∞0 (M,R)G
J 7→ SG(J).
For J ∈ JG, the tangent space to JG at J is given by
TJJ
G = {α ∈ Ω0,1(T 1,0X)G ; ω(α(·), ·) + ω(·, α(·)) = 0}.
The set of infinitesimal G-invariant deformations is given by the kernel of the
operator ∂¯ : Ω0,1(T 1,0)G → Ω0,2(T 1,0)G. The infinitesimal action of G at J is given
by
P : C∞0 (X,R)
G → Ω0,1(T 1,0X)G,
f 7→ ∂¯v(1,0)f
where v
(1,0)
f is the (1, 0)-part of the hamiltonian vector field associated to the poten-
tial f . Following [11] we consider the complexified orbits of the G-action on JG. The
operator P can be complexified, so as to obtain P : C∞0 (X,C)
G → Ω0,1(T 1,0X)G.
Together these operators define an elliptic complex
C∞0 (X,C)
G P−→ Ω0,1(T 1,0)G ∂¯−→ Ω0,2(T 1,0)G.
The images of the operator P , as J varies, define an integrable distribution on
JG, and the maximal integral submanifolds are the complexified orbits of the action
of G. The complexified orbits have particular relevance because (see [11]) if J and
J ′ lie in the same complexified orbit, and J is integrable, then the pair (ω, J ′) is
equivalent, via some diffeomorphism, to (ω + i∂∂¯ψ, J).
From this point we fix an integrable complex structure J0 such that X = (M,J0)
and suppose that µG(J0) = S
G(J0) = 0. That is, g0 = (ω, J0) defines an extremal
Ka¨hler metric. We consider the finite dimensional subspace that is transverse to
the complexified orbit of J0
H1G = {α ∈ Ω0,1(T 1,0)G ; P ∗α = 0, ∂¯α = 0}.
Let K ⊆ G be the connected component of the identity of the stabilizer subgroup
for the element J0 ∈ JG. K is a compact Lie group and acts complex linearly on
the vector space H1G. The complexification K
C of the group K also acts on H1G.
We can recall a result from [37].
Proposition 4.4. There is a ball centered at the origin B ⊆ H1G and a K-
equivariant map Φ : B → JG such that :
• Φ(0) = J0,
• the complexified orbit of every integrable complex structure J ∈ JG close to
J0 intersects the image of Φ,
• Φ is KC-equivariant in the sense that if x and x′ are in the same KC-orbit
and Φ(x) is integrable, then Φ(x) and Φ(x′) lie in the same GC-orbits in
JG,
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• the moment map µG = SG takes values in k ⊆ Lie(G) along the image of
Φ,
• Φ∗Ω is a symplectic form on B.
Then, since Φ is K-equivariant, µ = Φ∗SG defines a moment map on B for the
action of K. With this reduction of the problem of finding extremal metrics to
a finite dimensional problem, one can more directly apply the ideas of geometric
invariant theory.
Proposition 4.5. [37] Let x ∈ B be polystable for the action of KC on H1G. Then
there exists x′ ∈ B in the KC-orbit of x such that µ(x) = SG(Φ(x)) = 0.
That is, we have an explicit algebraic criterion for when nearby complex orbits
also contain extremal metrics.
We now turn to the construction of a G-invariant test configuration, as in Propo-
sition D.
Proposition 4.6. Let (X,L) be a polarised manifold that admits an extremal metric
in the Ka¨hler class c1(L). Let L → X → B be a G-invariant deformation of
(X,L) = (Xt0 , Lt0) where G is a compact connected Lie group that acts on the
fibres by reduced automorphisms and such that JV G
m
, for some maximal subgroup
Gm that contains G, is infinitesimally generated by G.
Then for every t ∈ B sufficiently close to t0 there exists a G-invariant test
configuration LT → XT → C with generic fibre isomorphic to (Xt, Lt) such that
the central fibre (X0,L0) admits a G-invariant extremal metric in the Ka¨hler class
c1(L0). The vector field J0V
Gm0 on the central fibre of XT also lies in Lie(G).
We first require a short lemma. Recall that K lies in the quotient Z(G,H)/(G∩
Z(G,H)). While K does not act on M , we can lift its Lie algebra k to lie in the
Lie algebra of Z(G,H) and so that it gives an infinitesimal action on M :
Lemma 4.7. There is a lift of k to the Lie algebra z of Z(G,H) whose image lies
in the Lie algebra of hamiltonian Killing vector fields for g0.
Proof. A priori, k lies in z/(g∩z), but this space is isomorphic to (g∩z)⊥ ⊆ z, where
we consider the spaces to be sets of smooth G-invariant functions and we take the
orthogonal with respect to the L2-norm on functions, equipped with the Poisson
bracket. 
As a corollary, we deduce that each C∗-subgroup of K, induces a C∗-action on
X by biholomorphisms. Let K˜ ⊆ Z(G,H) be the preimage of K by the projection
pi : Z(G,H) → Z(G,H)/(G ∩ Z(G,H)), and let K˜C be its complexification. We
note that K˜ acts on (M,ω, J0) by hamiltonian isometries. It then follows (see
[12, 22]) that K˜ lifts to act on the bundle L0.
Corollary 4.8. Let ρ : C∗ → KC ⊆ (Z/(G ∩ Z))C be a one-parameter-subgroup.
Then there exists a one-parameter subgroup ρ˜ : C∗ → K˜C such that
(1) ρ˜|S1 : S1 → K˜,
(2) pi ◦ ρ˜ = ρ.
Proof. We consider the map ρ∗ : S
1 → Z/(G∩Z). On the level of Lie algebras, we
can suppose that ρ∗ lifts to ρ
′
∗ : Lie(S
1) → z. Suppose Lie(S1) is generated by v.
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The map ρ′∗ can be integrated to a homomorphism
ρ′ : R → Z,
t 7→ exp(tρ′∗(v))
that covers the homomorphism ρ. For t0 > 0, if ρ(t0) = 1 (mod. G) then ρ
′(t0) =
γ = exp(w) for some w ∈ z∩g. We can then define ρ˜ by ρ˜(t) = exp(t(ρ′∗(v)−1/t0w)).
Then,
ρ˜(t0) = exp(t0ρ
′
∗(v)) · exp(−w) = 1
since w and ρ′∗(v) commute. 
Proof of Proposition 4.6. For t ∈ B sufficiently close to t0, Jt lies in the complex-
ified orbit of Φ(x) for some x ∈ B. If x ∈ B is polystable for the action of KC on
H1G, then by Proposition 4.5, µ(Φ(x
′)) = 0 for some x′ in the same KC-orbit of x,
which is to say that (M,Jt) admits an extremal metric in c1(Lt). We can take a
trivial test configuration XT = X × C with the desired properties.
If x is not polystable, then there exists a 1-parameter subgroup of KC
ρ : C∗ → KC
such that limλ→0 ρ(λ) · x = x0 ∈ B is stable. Then, the map ρ extends to a
holomorphic map
ρ(·) · x : C→ H1G.
We recall from the proof of Proposition 4.4 in [37] that Φ is obtained as a smooth
deformation along complexified orbits of Φ1 : B → JG, where Φ1 is holomorphic
and KC-equivariant in the same sense as Φ. That is, Φ(x) and Φ1(x) always lie in
the same complexified orbit. With ρ we can then consider the holomorphic map
F : ∆ → JG
z 7→ Φ1(ρ(z) · x)
where ∆ ⊆ C is a small disk of radius δ centred at the origin. Let Xδ = M ×∆,
and equip Xδ with the almost complex structure given by the usual structure on
∆, and by Jz = F (z) on the fibres M × {z}. This structure is integrable, since the
Nijenhuis tensor NJ(X,Y ) vanishes if X and Y are both tangent to one of the two
factors, and if X ∈ T∆ and Y ∈ TM ,
NJ(X,Y ) =
1
4
((LJXJ)Y − J(LXJ)Y )
which vanishes since F is holomorphic. In each fibre of the product M × ∆, the
complex structures commute with the action of G on M , so we can see that Xδ
admits a holomorphic action of G.
Let ρ˜ : C∗ → K˜C be a 1-parameter subgroup, lifted from a subgroup of KC, as
in Corollary 4.8, and suppose that ρ˜(S1) ⊆ K˜. The subgroup then partially acts
on Mδ =M ×∆ by
λ · (x, z) = (ρ˜(λ) · x, λz)(6)
where the expression holds for λ ∈ C∗ and z ∈ ∆ such that λz ∈ ∆. From the
equivariance of the map Φ1, if z and λz lie in ∆, then Jz = ρ˜(λ)
∗Jλz , and so the
action of λ ∈ C∗, where it is defined, is by holomorphic maps. This can be extended
to a fibration over C that admits a C∗-action as follows. Fix z ∈ ∆ and consider
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the manifold XT = M × C, equipped with the complex structure on the fibre over
λz given by ρ˜(λ−1)∗Jz. Then via (6), C
∗ acts on XT by automorphisms, preserving
the central fibre and inducing the action by scalar multiplication on C.
Let L be the smooth complex line bundle on M that underlines L and Lt and
let ∇t be a connection on L that determines the holomorphic structure on Lt with
respect to Jt. Assume that ∇t is S1-invariant (note, the (0, 1)-part is not invariant).
Again consider the product XT =M ×C and the projection pi : M→M . Set LT =
pi∗(L) as a line bundle on XT and with connection ∇ = pi∗(∇t). Then, F 0,2∇ = 0 on
XT and ∇ defines a holomorphic structure on LT . S1 acts holomorphically on LT
and this extends to a C∗-action that covers the C∗-action on XT .
We thus obtain a test-configuration with generic fibre isomorphic to the polarized
manifold (Xt, Lt), and for which the central fibre (X0,L0) admits an extremal
metric in the Ka¨hler class c1(L0). The final statement of Proposition 4.6 follows
from Proposition 4.5. As x0 is stable, S
G(Φ(x0)) = 0 and the scalar curvature of
the extremal metric on X0 belongs to the space of Killing potentials of g. 
5. Lower bounds and deformations
In this section we turn to the argument of Tosatti for the boundedness of the
Mabuchi energy under small deformations and consider the relative Mabuchi en-
ergy. In the case at hand we assume that the deformation preserves a group of
automorphisms. We assume that J times the extremal vector fields take values in
g, for the central fibre of the deformation, and for some nearby fibre.
That is, let (X ′, L′) be a polarized complex manifold, that admits an extremal
metric with Ka¨hler class c1(L
′). Let G be a compact connected group of auto-
morphisms of (X ′, L′) such that JV G
m
lies in g ⊆ aut(X ′, L′) for some maximal
compact subgroup Gm of the reduced automorphism group. Let L→ X→ B be a
G-invariant polarized deformation of (X ′, L′), with (X,L) = (Xt, Lt) a fibre suffi-
ciently close to the central fibre. For some maximal compact connected subgroup
Gmt of Aut(X,L), denote by V
Gmt the extremal vector field on (X,L).
The manifold (X ′, L′) admits a G-invariant extremal metric ω′ ∈ c1(L′), so from
[10, 34] the modified K-energy is bounded below on the set of G-invariant Ka¨hler
potentials with respect to ω′ on X ′. We show the following theorem.
Theorem 5.1. Let (X,L) = (Xt, Lt) be a sufficiently close fibre of a G-invariant
deformation of (X ′, L′). For some maximal compact subgroup Gmt of Aut(Xt, Lt)
that contains G, suppose that JtV
Gmt lies in g on Xt. Then for any G-invariant
Ka¨hler form ω ∈ c1(Lt), the modified K-energy EGmt is bounded below on Gmt -
invariant Ka¨hler potentials.
We recall Proposition 4.6 and suppose that LT → XT pi→ C is a G-invariant test
configuration with generic fibre (X,L), and where the central fibre (X0, L0) admits
an extremal metric in c1(L0) and such that the extremal vector field is contained
in g. From [34], the modified K-energy, with respect to G, of (X0, L0) is bounded
below. Let ρ denote the C∗-action on (XT ,LT ). For fixed λ ∈ C∗ this will be
denoted alternately ρλ or ρ(·, λ). In particular, ρ generates a holomorphic vector
field on the central fibre X0 that commutes with vector fields in g.
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By the theorem of Ehresmann, the fibration XT → C is differentiably trivial.
That is, there exists a diffeomorphism
F :M × C → XT
such that pi(F (x, z)) = z.
The action of G on XT gives a family of actions on M . As in the previous section,
by [29] we can suppose that there is a fixed action of G on M such that, for σ ∈ G,
F (σ · x, λ) = σ · F (x, λ).
Let X0 = pi
−1(0) be the central fibre of XT equipped with complex structure J0.
Assume that the embedding F : X0 → XT is a biholomorphism to its image, for
X0 = (M,J0).
Let X1 = pi
−1(1) be a generic fibre of XT . Then, we can trivialize XT \ pi−1(0)
over C∗ using the C∗-action on XT that we constructed in the previous section.
That is,
ρ : X1 × C∗ → X \ pi−1(0)
(x, λ) 7→ ρ(x, λ).
This trivialisation is biholomorphic and commutes with the action of G in the sense
that
ρ(σ · x, λ) = σ · ρ(x, λ).
The two trivializations F and ρ can be combined to define a 1-parameter family of
diffeomorphisms fλ :M →M such that F (x, λ) = ρλ(fλ(x)) for all x ∈M .
As in [40], we can suppose that we have an S1-invariant Ka¨hler form Ω on XT ,
where S1 ⊆ C∗ is the compact subgroup arising from the action of ρ. Suppose also
that Ω|Xt lies in c1(Lt) and that the action of S1 is hamiltonian. That is, there is
a smooth function H : XT → R such that
iWΩ = dH
whereW generates the S1-action on XT . We also assume that Ω is G-invariant and
that the induced metric on the central fibre X0 = pi
−1(0) satisfies SG(Ω|X0) = 0.
That is, it is extremal.
Since W generates the S1-action, the vector field −JW generates the real flow
t 7→ ρe−t(x). Since ρe−t is a holomorphic map of XT , ωt = ρ∗e−tΩ defines a family
of Ka¨hler forms that lie in the same cohomology class. It then follows that
d
dt
ωt = ρ
∗
e−tL−JWΩ = i∂∂¯ρ
∗
e−tH.
On the other hand, the forms are cohomologous so there exists a family of potentials
ϕt such that
d
dt
ωt = i∂∂¯ϕ˙t
so, modulo constants, ϕ˙t = ρ
∗
e−tH .
Let gΩ denote the metric on XT associated to the form Ω and consider the family
of metrics gt = ρ
∗
e−tgΩ on X1. Then, since Fλ = ρλ ◦ fλ is defined smoothly across
λ = 0, the metrics gt and forms ωt satisfy the inequalities
‖f∗e−tωt − F ∗0Ω‖Ck < Cke−t
‖f∗e−tgt − F ∗0 gΩ‖Ck < Cke−t
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and the curve of potentials satisfies
|f∗e−t ϕ˙t − F ∗0H | < Ce−t.
We recall the definition from Section 2.2 of the modified Calabi energy, relative
to the group G, of a Ka¨hler potential ϕ,
CaG(ϕ) =
∫
SG(ωϕ)
2dµϕ
where SG(ωϕ) is the reduced scalar curvature of the metric ωϕ. Given the group G,
which acts by hamiltonian diffeomorphisms with respect to a fixed symplectic form,
the reduced scalar curvature is purely riemannian. That is, if we specify a finite
dimensional space of functions to project away from, the reduced scalar curvature
and volume form depend only on the metric. On the manifold (X1,L1) then,
CaG(ϕt) =
1
n!
∫
SG(ωt)
2ωn
=
1
n!
∫
SG(f∗e−tωt)
2(f∗e−tωt)
n
which converges exponentially fast to
1
n!
∫
SG(F ∗0Ω)
2(F ∗0Ω)
n.
The metric on the central fibre is extremal and the extremal vector field is contained
in g, so this value is equal to zero. Similarly, the derivative of the modified K-energy
satisfies
EG(φ) = −
∫ 1
0
∫
X
φ˙tS
G(ωφt)dµφt
d
dt
EG(ϕt) = − 1
n!
∫
X
ϕ˙tS
G(ωt)ω
n
t
= − 1
n!
∫
X
(f∗e−t ϕ˙t)S
G(f∗e−tωt)(f
∗
e−tωt)
n.
This converges exponentially fast to the value
− 1
n!
∫
(F ∗0H)S
G(F ∗0Ω)(F
∗
0Ω)
n
which can be seen to equal (minus) the relative Futaki invariant (see Defn. 2.10)
on the central fibre X0 evaluated on the real holomorphic vector field W . This
vanishes since the central fibre is supposed to admit an extremal metric.
Let ω = Ω|X1 be a Ka¨hler metric contained in c1(L1). Let ϕ be any G-invariant
Ka¨hler potential, relative to ω. For a fixed t0, join ϕ to ϕt0 by a piecewise smooth
curve. We can concatenate this with the curve ϕt that is given above, starting at
ϕt0 .
We can then apply the inequality of Proposition E to see that for any Ka¨hler
potential ϕ, relative to ω,
EG(ϕ) ≥ EG(ϕt)−
√
CaG(ϕt)
∫ t
0
√∫
X1
ϕ˙sωnϕsds
The derivative of the first term on the right converges exponentially to zero, so
EG(ϕt) is bounded below as t increases. The other term can also be controlled,
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since the modified Calabi invariant converges exponentially to zero while the integral
grows at most linearly in t. We can conclude that there exists C ∈ R such that
EG(ϕ) ≥ −C(7)
for every G-invariant Ka¨hler potential ϕ in c1(L1). Since the extremal vector field
JV G
m
takes values in Jg this implies that EG
m
is uniformly bounded below.
6. Application
Let X be the blow-up of CP1×CP1 at its four fixed points under the torus action
T2 × CP1 × CP1 → CP1 × CP1
((θ, θ′), ([x1, y1], [x2, y2])) 7→ ([eiθx1, y1], [eiθ′x2, y2])
The deformation space of this complex manifold has been studied in [31], following
works of Ilten and Vollmert [21]. We can endow X with an extremal metric of
non-constant scalar curvature and prescribed extremal vector field periodic action.
Start with a product constant scalar curvature Ka¨hler metric ω on CP1 × CP1.
Assume that the restriction of ω on each factor of CP1 × CP1 has same volume.
From Arezzo-Pacard-Singer theorem [2], for each (a1, a2, b1, b2) positive numbers,
X admits an extremal metric ωε in the class
[pi∗ω]− ε2(a1PD(E0,0) + a2PD(E∞,0) + b1PD(E0,∞) + b2PD(E∞,∞))
for ε positive small enough, and where pi denotes the blow-down map, PD(E) is
the Poincare´ dual of E and Ei,j is the exceptional divisor associated to the blow-up
of the point (i, j) ∈ CP1×CP1. To prescribe the extremal vector field, we consider
the class
[ωε] = [pi
∗ω]− ε2 (aPD(E0,0) + aPD(E∞,0) + bPD(E0,∞) + bPD(E∞,∞))
for ε positive small enough and a 6= b. The associated polytope is represented
Figure 1. Note that up to scaling, we can suppose that the class [ωε] is integral and
represent a polarization L of X . Following [13] (see also [24]), we can compute the
x axis
y axis
E0,0
E0,∞
E∞,0
E∞,∞
Figure 1. Polytope associated to (X,ωε).
extremal vector field associated to this extremal metric with respect to the maximal
compact group T2 ⊂ Aut(X). The extremal vector field is invariant with respect
to the isometry group of ωε. By the axial symmetry of the polytope, the potential
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of the extremal vector field is an affine function on the polytope that only depends
on the y coordinate. As a is chosen different from b, the Futaki invariant of [ωε] is
different from zero and the extremal vector field does not vanish. Let Tf ⊂ Aut(X)
be the lift of the circle subgroup of Aut(CP1 × CP1) defined by
S1 × CP1 × CP1 → CP1 × CP1
(θ, ([x1, y1], [x2, y2])) 7→ ([x1, y1], [eiθx2, y2]).
Then by construction the extremal vector field of ωε generates the action of Tf on
X .
Now, from the study of the example 4.2. in the article [31], the space of infin-
itesimal complex deformations of X that preserve the Tf -action H
1(X,ΘX)
Tf is
isomorphic to C2. The automorphism group of X admits the splitting
Aut(X) = TCf × TCa
where TCa ≃ C∗. Then TCa acts on H1(X,ΘX)Tf :
TCa ×H1(X,ΘX)Tf → H1(X,ΘX)Tf
(λ, (x, y)) 7→ (λ−1x, λy).
By Theorem 3.3.1 in [31], the closed orbits under this action induce deformations
of X that carry extremal metrics. Those with non-closed orbits, called unsta-
ble, induce deformations of X that carry no extremal metric, while the extremal
vector field action is preserved. Indeed, using Proposition 4.6, if (X ′, L′) is a
small deformation of (X,L) associated to an unstable infinitesimal deformation
ξ ∈ H1(X,ΘX)Tf , we can build a test-configuration for (X ′, L′) which is com-
patible with Tf . By construction, this test configuration is not trivial, and the
associated relative Donaldson-Futaki invariant vanishes as its central fiber is ex-
tremal. Then (X ′, L′) is not K-stable relative to Tf . As Tf is a maximal torus
in Aut(X ′), by the result of Stoppa and Sze´kelyhidi [35], X ′ carries no extremal
metric in c1(L
′). However, by Theorem A, this polarized manifold has bounded
modified K-energy.
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